We investigate the nonlinear optical response of a noble metal surface. We derive the components of the third-order nonlinear susceptibility and determine an absolute value of c (3) ≈ 0.2 nm 2 V −2 , a value that is more than two orders of magnitude larger than the values found for typical nonlinear laser crystals. Using nonlinear four-wave mixing (4WM) with incident laser pulses of frequencies u 1 and u 2 , we generate fields oscillating at the nonlinear frequency u 4WM = 2u 1 − u 2 . We identify and discuss three distinct regimes: (i) a regime where the 4WM field is propagating, (ii) a regime where it is evanescent, and (iii) a regime where the nonlinear response couples to surface plasmon polaritons.
Introduction
During the past decade, the linear dielectric properties of noble metals have been exploited for a broad range of plasmonic applications, ranging from integrated circuits and energy harvesting to biosensing [1, 2] . On the other hand, the nonlinear properties of metal nanostructures have received much less attention and are only now being studied. Because of their high intrinsic nonlinearities, metal nanostructures open up the possibility of performing a signal conversion in reduced dimensions, with potential applications ranging from on-chip frequency conversion/amplification to optical processing in nanoscale structures. Among the nonlinear processes studied so far are second-harmonic generation [3, 4] , thirdharmonic generation [5] , two-photon excited luminescence (TPL) [6] [7] [8] [9] , index modulation [10] and four-wave mixing (4WM) [11, 12] .
Efficient optical frequency conversion typically requires the nonlinear response from individual atoms or molecules to be summed up coherently, a process referred to as phase matching. This task is usually accomplished in nonlinear crystals of many wavelengths in size. However, future applications in nanophotonics require frequency conversion in materials with reduced dimensions, such as interfaces or discrete particles, for which phase matching is no longer possible. Nanoscale frequency conversion, therefore, relies on the intrinsic nonlinearities of materials.
Using nonlinear 4WM, we have recently measured the third-order nonlinear susceptibility for noble metals and derived a value of c (3) = 0.2 nm 2 V −2 for gold [13] . Interestingly, this value is more than two orders of magnitude larger than the value of nonlinear crystals such as LiNbO 3 [14] . For a strong nonlinear response, it is necessary to couple incident radiation efficiently into the nonlinear material, but, as metals are reflective, only a small portion of the incident fields contribute. Therefore, for a strong nonlinear response, it is necessary to structure the surfaces such that the in-coupling and out-coupling of radiation is optimized [13] . To understand the nonlinear light-matter interaction with metals, we here consider the simplest possible configuration, namely a planar metal surface. For this geometry, the in-coupling and out-coupling of radiation can be represented in terms of Fresnel coefficients and the elements of the nonlinear susceptibility tensor become accessible through polarization measurements. We will demonstrate that the nonlinear response can be divided into three distinct regimes, namely a regime that leads to re-radiation of the nonlinear response, a regime where the nonlinear response is purely evanescent and a regime where the nonlinear response couples to surface modes.
Theory of nonlinear four-wave mixing
Optical 4WM uses two incident laser beams with frequencies u 1 and u 2 to produce radiation at frequency
Our experiments are schematically depicted in figure 1a, which shows two incident beams at angles q 1 and q 2 with respect to the surface normal, and an outgoing beam at angle q 4WM . Because of the translational invariance, the in-plane momentum is conserved, which yields
Combining equations (2.1) and (2.2) yields a relationship between the outgoing angle q 4WM and the incoming angles q 1 and q 2 . It turns out that q 4WM can be either real or imaginary. In the former case, the 4WM field is propagating (outgoing wave) whereas in the latter case it is evanescent. The incident beams can be represented in complex form as
where t s and t p are the Fresnel transmission coefficients for s and p polarized incident light, respectively, and E o i is the amplitude of the incident field. f i is the polarization angle and k i = (−k i sin q i , 0, k i cos q i ) is the wavevector. The incident fields give rise to a nonlinear polarization P = (P x , P y , P z ) according to where c (3) is the third-order nonlinear susceptibility, a tensor of rank four. The nonlinear polarization defines a secondary source current that generates a field E 4WM oscillating at frequency u 4WM . A straightforward theoretical analysis yields the following expressions for the field E 4WM 2 , with 3 1 being the dielectric constant of the upper medium and 3 2 (u 4WM ) being the dielectric constant of gold. Because of momentum conservation along the interface, we have k 4WM,x = k ↓,x = k ↑,x . Equation (2.2) implies that k 4WM,x = 2k 1,x − k 2,x , and since k 1,y = k 2,y = 0 we also have k 4WM,y = k ↓,y = k ↑,y = 0. t s (q 4WM ) and t p (q 4WM ) are the Fresnel transmission coefficients for the outgoing fields at the 4WM frequency. Figure 1b shows the calculated 4WM intensity |E 4WM | 2 at a gold surface as a function of the incident angles q 1 and q 2 . The incident wavelengths are chosen to be l 1 = 707 nm and l 2 = 800 nm, respectively. The figure shows that, depending on the incident angles, different modes can be excited at the 4WM frequency l 4WM = 633 nm. Plane waves propagating at an angle q 4WM are excited in the angular region bordered by the solid curves. Outside this region, the 4WM angle q 4WM becomes imaginary and the 4WM field is evanescent. Finally, surface plasmons are excited when the in-plane wavevector of the 4WM field corresponds to the wavevector of these surface polaritons
The dashed curves in figure 1b indicate the loci for which the evanescent waves couple to surface plasmon polaritons (SPPs). For points along this curve, the left-hand side of equation (2.2) can be replaced by equation (2.6).
Experimental results
In the following, we separately discuss the different 4WM regimes and present recent experimental data in support of our theoretical analysis.
(a) Propagating the four-wave mixing regime
In our experiments, we use a Ti : sapphire (TiSa) laser providing pulses of duration approximately 200 fs and centre wavelength l 2 = 800 nm and an optical parametric oscillator (OPO) providing pulses of similar duration and wavelength l 1 = 707 nm. The beams are first expanded to 10 mm diameter and then focused by two lenses of focal length f = 50 mm on a gold surface with roughness 2.3 nm rms , as determined by atomic force microscopy. The angle between the two laser beams is held fixed at q 2 − q 1 = 60
• and the laser pulses are made to overlap in time by use of a delay line. The spot diameters at the surface are approximately 4.5 mm and are spatially overlapping. We use two different detection angles, which are both fixed with respect to the angles of the excitation beams, namely q det = q 1 + 60
• and q det = q 1 + 24
• . The scattered radiation is collected by f = 50 mm lenses, filtered by optical stop-band filters to reject light at the excitation frequencies, and then sent into a fibre-coupled spectrometer. Alternatively, the collected light is filtered by narrow-band bandpass filters and detected with a single-photon counting avalanche photodiode for intensity measurements. Figure 2a shows spectra of the detected radiation for two different sets of excitation and detection angles. For both spectra, the excitation beams were tuned to l 1 = 2pc/u 1 = 707 nm and l 2 = 2pc/u 2 = 800 nm (see arrows in figure) . The spectra are characterized by the 4WM peaks located to the blue and the red of the excitation beams. For simplicity, we will restrict our discussion to the 4WM line at l 4WM = 633 nm. An optical stop-band filter blocking the wavelength range l = [670 .. 830] nm has been used to suppress the excitation beams in the detection path. The peak at l = 800 nm is due to incomplete suppression of one of the excitation beams. The 4WM peaks disappear when the pulses of the excitation beams are temporally detuned. It is important to notice that the spectra shown in figure 2a are essentially background free. While optical 4WM can also be measured on metal nanostructures such as particles [11] and roughened surfaces, these spectra usually feature a strong background owing to one-photon and twophoton excited photoluminescence [7] . Besides being essentially background-free, the radiation of the planar gold surface is highly directional and the angular emission can be tuned by sample rotation. For both spectra, the excitation beams were tuned to l 1 = 707 nm and l 2 = 800 nm, respectively. The spectra show the two 4WM peaks at l 4WM = 633 nm and l 4WM = 921 nm and are nearly background free. The peak at 800 nm is due to incomplete suppression of the l 2 excitation beam. Angles for l 4WM = 633 nm: q 1 = 6.9 • , q 2 = 66. Figure 2b shows the experimental verification of the intensity dependence predicted by equation (2.4). The figure shows the 4WM intensity at l 4WM = 633 nm as a function of excitation laser power. In accordance with theory, the 4WM intensity depends quadratically on the power of the l 1 = 707 nm excitation and linearly on the power of the l 2 = 800 nm excitation.
The outgoing angle q 4WM is defined by the incoming angles q 1 and q 2 through equations (2.1) and (2.2). In our experiments, we hold the angle between the excitation beams fixed at q 2 − q 1 = 60
• . To detect 4WM in the direction of q det = q 1 + 60
• the incident angle needs to be adjusted to q 1 = −5.4
• . Similarly, for a detection angle of q det = q 1 + 24
• , we calculate an excitation angle of q 1 = +6.9
• . Our experimental results, shown in figure 3 , yield peaks at q 1 = −4.8
• and q 1 = +7.2
• for the two detection angles, which are in good agreement with the theoretical predictions. To reject the ambient background and the incomplete suppression of the excitation beams (cf. figure 2a) • originates from the fact that our excitation beams are not plane waves but focused beams with an angular range defined by the focusing lenses.
For isotropic materials such as gold, the 81 components of the thirdorder nonlinear susceptibility c (3) can be reduced to only three non-zero and independent components, namely c
1212 , c
1221 and c
1122 [15] . Here, the indices '1' and '2' stand for any Cartesian index (x, y or z), with the condition that '1' ='2'. The only other non-zero components are c figure 2a) . The data points are superimposed to theoretical curves calculated using the theory outlined above. While the polarization angle f of one of the incident beams is varied, the polarization of the other excitation beam is held fixed at f = p/2 (p-polarization) and the polarization of the detection path is held either at f = p/2 (dashed curves) or at f = 0 (solid curves).
For figure 4a, we used excitation angles of q 1 = 6.9
• , q 2 = 66.9
• and a detection angle of q det = 30.9
• , whereas the data in figure 4b were recorded with q 1 = −72.4
• , q 2 = −12.4
• and q det = −48.4
• . In order to bring theory and experiment in figure   4 into agreement, we used c
1221 /c
1212 = 9 in figure 4a and c
1212 = −4 in figure 4b . In both cases, c (3) 1221 turns out to be the dominant term. The c (3) 1212 term is only needed to account for the little 'wiggle' in the valleys of the dashed curve in figure 4b . Besides this wiggle, the dashed polarization curves follow predominantly a sin 4 f dependence, whereas the solid curves have a sin 2 (2f) dependence. This behaviour follows directly from the power dependence of the 4WM processes (cf. figure 4b) . The deviation between the values derived for the two different 4WM processes is ascribed to dispersion; interband transitions affect the l 4WM = 633 nm stronger than l 4WM = 921 nm. Interestingly, the polarization dependence of 4WM at l 4WM = 921 nm yields a phase difference of p between c
1212 . To measure the evolution of this phase difference, one would need to perform polarization-resolved measurements over an extended frequency range.
(b) Evanescent four-wave mixing regime
According to figure 1b, a considerable range of excitation angles (q 1 , q 2 ) gives rise to evanescent 4WM fields. To explore the evanescent regime, we use an objective (numerical aperture (NA) = 1.3) with a large back aperture (13 mm) to focus both incident laser beams and to detect the emitted 4WM radiation. The set-up is illustrated in figure 5a . Small beam diameters are employed to control the incident angle of the excitation fields. The incident angles are measured by projecting the beams on a thermoelectrically cooled charge coupled device (CCD). Thus, the displacement Dx of the detected spot on the CCD measured from the optical axis is a direct measure for the angle of incidence q = arcsin(Dx/f ), with f being the focal length of the objective [16] , and the incident beam size determines the angular resolution of the system and the spot size on the gold surface.
The in-plane momentum of the 4WM wave excited by the two incident beams is defined by the left-hand side of equation (2.2). The normal component of the 4WM momentum is then calculated according to
where c is the speed of light and 3 1 is the (non-dispersive) dielectric constant of the medium from which the two exciting fields are incident. The loci for which k 4WM,z = 0 are shown as solid curves in figure 1b. They divide the evanescent 4WM region from the propagating one.
To demonstrate the transition from the propagating to the evanescent 4WM regime, we fix one of the incident beams in the back focal plane of the objective and step the other beam between different positions while recoding the spectrum of the emitted 4WM radiation. Images of the back focal plane are rendered in figure 5b,c. The insets in the figure show the spectra of the emitted radiation. In figure 5b , the incident angles are in the propagating regime giving rise to emitted radiation with a 4WM peak (inset). In figure 5c , the incident angles are in the evanescent regime and no 4WM is registered. The small bump in the spectrum is a TPL background [7] . The measured 4WM intensity as a function of the angular displacement is plotted in figure 6 .
The ability to generate evanescent 4WM fields radiatively is attractive for various optical applications. For example, the 4WM energy bound to the surface can be coupled to optoelectronic structures, such as waveguides and couplers, or it can be employed as a background-free source for dark-field imaging [17] . Notice that the excitation of evanescent 4WM fields is not restricted to metal surfaces and that the same excitation scheme works for any material with a nonlinear third-order susceptibility.
(c) Coupling to surface plasmon polaritons
The efficiency of 4WM is the highest when the in-plane wavevector of the 4WM wave coincides with the wavevector of the SPP defined in equation (2.6) (cf. figure 1b) . The reason is that the excitation of SPPs gives rise to a longer interaction time between incident radiation and metal surface, which results in a stronger nonlinear response. The momentum condition for surface plasmon excitation becomes
which defines a condition between the two incident angles q 1 and q 2 . To prove the excitation of SPPs by nonlinear 4WM, we have fabricated gratings into the gold surface to convert the excited SPPs into propagating radiation. The latter is collected by f = 50 mm lenses, filtered by optical stop-band filters to reject light at the incident frequencies, and then sent into a fibrecoupled spectrometer. The gratings used for the out-coupling of SPPs consist of periodic grooves of depth 70 nm and width 150 nm, fabricated by electron beam lithography and reactive ion etching. We performed measurements for plasmons at both 4WM frequencies, 2u 1 − u 2 and 2u 2 − u 1 . In our experiments, the centre wavelengths corresponding to u 1 and u 2 are chosen as l 1 = 707 nm (OPO) and l 2 = 800 nm (TiSa), respectively. The resulting 4WM frequencies correspond to the wavelengths l 4WM = 633 nm and l 4WM = 921 nm, respectively. Measurements were carried out for detection directions fixed with respect to the normal of the surface and for detection directions fixed with respect to the incident laser beams. Also, we varied the grating periods to verify that the findings are independent of the out-coupling conditions. In all configurations, we observed the same results.
Our experiments confirm the condition stated in equation (3.2) [18] . As before, the angle between the two excitation beams was fixed at q 2 − q 1 = 60
• , which allows us to express plasmon excitation in terms of a single angle only. According to equation (3.2) , to excite SPPs at a wavelength l 4WM = 633 nm the incident angles need to be adjusted to q 1 = −16.0
• and q 2 = +44.0
• . On the other hand, to excite SPPs at a wavelength l 4WM = 921 nm we require q 1 = −63.9
• and q 2 = −3.9
• . We place the excitation beams to the side of the fabricated gratings and record the outcoupled 4WM intensity as a function of incident angles. It has to be emphasized that the excitation beams do not interact with the gratings, i.e. the excitation spots are spatially separated from the gratings by several tens of micrometres. By varying the separation distance and measuring the outcoupled SPP intensity, we are able to record the SPP propagation length.
The theoretical values for the SPP propagation length at l 4WM = 633 nm and l 4WM = 921 nm are L 633 = 10.2 mm and L 921 = 78 mm, respectively. On the other hand, for a gold film of 50 nm thickness, which is commonly used in the Kretschmann configuration, these values reduce by ≈ 35-50% owing to inevitable leakage radiation from the SPPs into the substrate. This reduction is eliminated by the 4WM excitation scheme because there is no need for evanescent wave coupling and no leaky waves are present. To measure the SPP propagation length, we record the SPP intensity as a function of the distance between the excitation spot and the grating used for out-coupling. The data are rendered in figure 7 together with the theoretical decay curves. The slight deviations originate from variations in the collection efficiency, i.e. when we displace the sample, we also move the out-coupling grating relative to the fixed collection lens. Also, the excited SPPs do not have planar wavefronts, which gives rise to further deviations from the theoretical curves. Nevertheless, the data are in good agreement with the expected behaviour and support our claim that the 4WM excitation scheme does not affect the free SPP propagation length.
Conclusions and outlook
We have studied 4WM at a planar gold surface and identified three distinct regimes, namely a regime where propagating radiation at the 4WM frequency is generated, a regime where the 4WM field is evanescent and a regime where the evanescent 4WM field couples to surface modes, such as SPPs. Typically, SPPs cannot be excited by propagating radiation and hence they are 'dark modes'. With our multi-photon excitation scheme, we overcome the limitations imposed by reciprocity and directly couple to dark modes. In principle, the multiphoton excitation scheme can be employed to excite any localized in-plane modes, such as waveguide modes, surface phonon polaritons or modes associated with two-dimensional electron gases, such as semiconductor heterojunctions.
Linear SPP excitation schemes, such as the Otto or Kretschmann configuration, are limited by reciprocity, in the sense that radiative excitation of SPPs also implies radiative decay of SPPs. This effect reduces the SPP propagation length as noted before. Furthermore, traditional SPP excitation requires specific sample preparation procedures, such as thin film deposition or fabrication of gratings or couplers, which often restricts the versatility and flexibility of devices. The nonlinear 4WM scheme described in this work overcomes these restrictions and allows SPPs to be launched on any metal surface by combining photons from two separate laser beams. On the other hand, the 4WM scheme has considerably lower efficiency. For typical excitation peak intensities ofÎ 1 = 22 GW cm −2 andÎ 2 = 46 GW cm −2 , we determine a SPP excitation rate of 10 9 plasmons per second. This value can be improved by several orders of magnitude by using higher intensities and excitation frequencies near the surface plasmon resonance (approx. 510 nm for a planar gold surface) [19] . It has to be emphasized that the plasmons excited by 4WM have a well-defined energy, momentum and directivity.
The efficiency of 4WM is defined by the third-order nonlinear susceptibility, which we determined to be c (3) = 0.2 nm 2 V −2 , a value that is significantly higher than the values of typical nonlinear laser crystals. However, for efficient 4WM to occur the incident laser fields need to interact with the nonlinear material and hence penetrate through the surface of the material. Because metals are reflective, most of the incident radiation does not make it into the bulk of the material. Therefore, to increase the efficiency, it is necessary to structure the surfaces such that the in-and out-coupling of radiation is facilitated. In this sense, the surface structures function as receiving and transmitting antennas. In principle, it is conceivable to structure the entire bulk material and to design a 'nonlinear metamaterial', which maximizes the interaction with incoming and outgoing radiation thereby providing an ultrastrong nonlinear response. The intrinsic material nonlinearity of such a material would remain unaltered, but owing to improved in-and out-coupling of radiation the overall nonlinear conversion efficiency would be strongly enhanced.
